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Abstract We first derive an integrable deformed hierarchy of short pulse equation and 
their Lax representation. Then we concentrated on the solution of integrable deformed 
short pulse equation (IDSPE). By proposing a generalized reciprocal transformation, we 
find a new integrable deformed sine-Gordon equation (IDSGE) and its Lax representation. 
The multisoliton solutions, negaton solutions and positon solutions for the IDSGE and the 
N-loop soliton solutions, N- negaton and N-positon solutions for the IDSPE are presented. 
In the reduced case the new N-positon solutions and N-negaton solutions for short pulse 
equation are obtained. 
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1 Introduction 

It is known that pulse propagation in optical fibers is usually modeled by the cubic 
nonlinear Schrodinger equaion pQ. However, it is not valid for the ultra-short pules. In 
2004, starting from the Maxwell equation of electric field in the fiber, Schafer and Wayne 
derived the short pulse equation(SPE) [2] 

u xt = u + hu 3 ) xx (1) 



as an alternative of the cubic nonlinear Schrodinger equation to describing the propaga- 
tion of ultrashort optical pules in nonlinear media, where u(x, t) represents the magnitude 
of electric field. In recent years, the short pulse model has attracted considerable atten- 
tion. In [3111], it was also deduced from the partial differential equation which describes 
pseudospherical surfaces. In [5], Sakovich and Sakovich proved that the SPE is integrable 
by discovering a Lax pair for the SPE. Brunelli proved the integrability of the SPE from 
the Hamiltonian point of view and studied the short pulse hierarchy in [6j[7] . In [8] , Feng 
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et al. proposed the integrable semi-discrete and full-discrete analogues of the SPE. As 
far as the solutions of the SPE are considered, in p3] not only solitary wave solutions are 
obtained by making use of transformation between the SPE and sine-Gordon equation 
but also the pulse solutions of the SPE were derived from the breather solutions of the SG 
equation. Some periodic and traveling wave solutions of SPE are given in [TO] . Kuetche et 
al. constructed the two loop soliton solutions with use of bilinear method and hodograph 
transformation [TT]. In P2K3], Matsuno develop a systematic procedure to construct the 
periodic solutions and multiloop solitons. 

The integrable deformation of integrable system attract a lot of interests from both 
physical and mathematical points. One kind of the integrable deformation is the so- 
called soliton equation with self-consistent sources [H]- [2T] , which consists of the soliton 
equation with additional terms by coupling the corresponding eigenvalue problems, and 
has important application. For example, the nonlinear Schrddinger equation with self- 
consistent sources is relevant to some problems of plasma physical and solid state physics. 

In this paper, we consider the integrable deformed short pulse equation (IDSPE) which 
has not been studied yet. First we derive the integrable deformed hierarchy of short 
pulse equation(IDSPH) and their Lax representation, which includes integrable deformed 
short pulse equation (IDSPE) and its Lax representation. This implies that the IDSPE 
is Lax integrable. A generalized reciprocal transformation for the IDSPE is proposed. 
This transformation converts the IDSPE and its Lax representation into new integrable 
deformed sine-Gordon equation (IDSGE) and its Lax representation. The IDSGE can 
be written as bilinear form by introducing an independent variable transformation. The 
N-soliton solutions of the sine-Gordon equation were obtained in (251123] , and the positon 
solutions of sine-Gordon equation and its properties were studied in [23]. Here, we find 
the N-soliton solutions, N-negatons solutions and N-positon solutions for the IDSGE . 
Further using the inverse reciprocal transformation, we construct N-loop soliton solutions, 
N-negaton solutions and N-positon solutions of the IDSPE. In the reduced case we obtain 
the new N-negaton solutions and new N-positon solutions for the short pulse equation. 

This paper is organized as follows. In section 2, we establish the IDSPH and its Lax 
representation. In section 3, A generalized reciprocal transformation for the IDSPE is 
proposed and the IDSGE is worked out. In section 4, the solutions of the IDSGE are 
obtained. Section 5 gives the solutions of IDSPE. The conclusion is given in section 6. 



2 The new integrable deformed hierarchy of short 
pulse equation (IDSPH) and its Lax pair 

2.1 The IDSPH 

Consider the eigenvalue problem [5] 
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The adjoint representation reads 

V X = [U,V]. (3) 



Set 



y _ I A B \ _ ^ / Xa m \u x a m + b m \ ^ m 

\ C —A J 2-^ \ Xu x a m + c m -Xa m ) ' 

m=0 



Eq. ([3]) yields 

bm+l,x 2fo m (w 2; fl m ) :r , (5) 
Taking fe = c o — 0, Oq = |, we have 



6i = ci = -|ua., ai = 0, 
b 2 = -c 2 = -\u, a 2 = \u 2 , ■ ■ ■ 



and in general, 



where d = dd = d 9=1. 
Set 

2n 



m=0 

and take 



y{n) — ( ^ u x a m + b m \ 

^— ' \ \u x a m + c m -Xa m J 



n> \ yrn—2n 



(6) 



b 2n = ~c 2n = 2d~ 1 b 2n - 1 , (7a) 
a 2n = -28^^^), a 2n+1 = 0, (7b) 
b 2n +i = c 2n+1 = 2d~ 1 b 2n - u x a 2n = Lb 2n -i, L = 4(<9 _1 + u x d~ 1 u x )d~ 1 , (7c) 



Then the compatibility condition of Eqs.© and (Q gives rise to the short pulse hierar- 
chy(SPH) 

u xtn = -db 2n+ i, n = 0,1, (10) 
When n = 1, (TTTJT) gives the short pulse equation 



u xt = u + hu 3 ) xx , (11) 
o 



and in (Q is given by 



T/(2) _ / 2 A "" 2 +4A |AuVr-f \ . s 
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For n distinct real A,, consider the following spectral problem 



cptj \ ( Xj X jUx \ f (p 1:j 
<PV J r V A / " '' ~ X i ) V 



It is easy to find that 



ji = -2\Mj + L ^\ 3 + Vlj)* = ^(vlj + (13) 
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According to the approach proposed in Refs. [TF]- [21], the short pulse hierarchy with 
self-consistent sources (SPHSCS) or integrable deformed short pulse hierarchy (IDSPH) 
is defined by 

N 1 

u xtn = -d[b 2n+1 - 2tf(Vij + Vlj)*}, (l 4a ) 
j=i j 

cpijx = XjVij + XjU x ip 2 j, ^2jx = XjUxipij - Xjf2j, j = 1, 2, • • ■ , N. (14b) 

When n = 1, (fl4"]l gives the short pulse equation with self-consistent sources (SPESCS) 
or integrable deformed short pulse equation (IDSPE) 

1 r 1 

Uxt = u + -(u 3 ) xx + 22 ^2 iVij + vl^xx, (15a) 

j=l 3 

Vijx = \<Pij + ^jU x f 2 j, <P2jx = ^jUxfij - A^2j, j = 1, 2, • • • , N. (15b) 
2.2 Lax pair of the IDSPH 

In order to find the Lax pair for IDSPE ( fTBT) . we first consider the following stationary 
equation of ( |T5i) . 



& 3-E ^<Pii + <Pl j )x = 0, (16a) 
i=i j 

<fijx = ^j<fiij + ^jUx<P2j, <fi2jx = XjU x (pij - Xjip 2 j, j = 1, 2, • • • , N. (16b) 



According to Eqs.flS]), ([7]), (JIB"]) and (fTBT) . we may define 

1 - 1 - 11 

ao = -, 6 = c = 0, foi = ci = ai = 0, 6 2 = -c 2 = -~u, a 2 = -u 2 , 

N 1 N 1 

hn+i = c 2 „+i = L n % = L n 1 ^2 (flj + Vlj)x = 2A^(^W + n = l,2, 

j=l 3 j=i j 



N 1 

&2n = -c 2n = 2d l b 2n ^ = Y T2^(^ij + <Plj)> n = 2, 3, • • • 



i A 



N 1 N 1 

a 2n = -2^ 1 (w :E 62n) = -2d" 1 -—us^+fy) = -2 ^ Ta^zrVWy, n = 2, 3, • • • 



3=1 ^ 3=1 A > 



a2n+i = 0, n = 1,2,3, ••• . (17) 
Then we have 

oo 

A = A- 2 ^a„A" +1 = -i- + ^ 2 + Ao, 



4A 2 

n=0 



oo 2V oo iV 1 V 

A = ^a^A 2 - 1 = -2^^(-) 2 -Vy^ = 2A^ r ^^+ 2A E 

n=2 j=l n=2 J j=l J j=l 

In the same way, we find that 



y _ I A B \ = ( Aa n Xu x a n + b n \ n 

\ C -A J \ Xu x a n + c n -Xa n I 



V {2) + N , N[ 



o 



n=0 

A Bo 
C -Ac 



N 2A A- A 2 A- 

Bo = Y^-yUxipims ~ (vh + flj) ~ jivlj ~ V%) + A2 z A 2 [fH - v4) - + <4)]1- 

3=1 5 J 

^ 2A A A 2 A 

Cq = x(flj(f2j + ^ + ^ ~ ~ ^ 2j) + A^A 2 ~ ^ + ^ + 

3=1 3 ' i 

Since a n , b n and c n satisfy the same recursion relations as It is obvious that V satisfies 

V X = [U,V]. (18) 

In fact, it is easy to verify that (ITHjl under (116b[) leads to (j 16 aft . Since (TT6T) is the stationary 
equation of (fl5l) . we immediately obtain the zero curvature representation for IDSPE (fT5|) 

^-K. + [l/,F] = 0. (19) 

with the Lax pair for the IDSPE (|15p 

0i A fX Xu x 



'2 J x \ Xu x -A J \ (.'2 



(20a) 



Dr'KlY (20b) 

Furthermore, the zero curvature representation and Lax pair for IDSPH ( Tl4l) are given by 
(OED and (T20D with 

y = V^ (n) + 7V . (21) 

Remark 1. The zero curvature representation and Lax pair for IDSPH (1141) are given by 
f[T9~j) . (|2"U|) and (12~T1) . This implies that the new IDSPH is integrable in the Lax sense. 
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3 The new integrable deformed sine- Gordon equa- 
tion (IDSGE) 

By introducing the new dependent variable [12] 

r 2 = l + u 2 x . (22) 

Eq.f ll5aj) is transformed into the form 



I N N 

r t = -(u 2 r) x , ^ 



£ E A 7*H + = (~« 2 r + 2r AjVij^Ox- (23) 

So we can define a reciprocal transformation (x, t) — >■ (?/, s) by the relation 

1 * 

= rdx + (-u 2 r + 2r \J 1 ipijip 2 j)ds 1 ds = dt, (24) 

and we have 

S = r a? S = & + ( 2 t "' + 2r g A >^»^ (25) 

Denoting (f)i(x,t) = ipi(y,s), <fij(x,t) = ipij{y,s), (i = 1,2), with the new variable y and 
s, (I22p and (|23|) are transformed into 

r 2 = 1 + r 2 ^, (26) 



r, = r mt ?J 



AT 

i y + 2r 2 Y,^\^2 3 ) yi (27) 

respectively. Furthermore, we define 

u y = sinz, z — z(y,s). (28) 
Inserting ( 1281) into ( 1261) gives rise to 

r = ^— . (29) 

cosz 

Using ( I25p and ( 129]) . fll5b[) is converted the following form 

V'lis/ = ^jcoszipij + \jsinzijj2j, 4>2jy = XjSinzijjij — \jCoszip 2 ji J = 1, 2, • ■ ■ ,N. (30) 
Under Eqs.(|28])-(J30]), (E7J) becomes 

N 

z„ = u 



+ 2J2(^ + ^)- (31) 



So under the reciprocal transformation (1251) . the IDSPE (I15p is transformed into the 
following integrable deformed sine-Gordon equation (IDSGE) 



N 

+ 2£)(Vi + V&)y, (32a) 

3=1 

ifiijy = XjCoszipij + \jsinzip2j, 4>2j y = Xjsinzipij — Xjcosz^j, j — 1, 2, • • • , iV. (32b) 

Under the reciprocal transformation (1251) . (1251) . ( 129]) and (13T]) . the Lax pair (120]) for the 
IDSPE (1T5|) are transformed into the Lax pair for (132]) 



\ / Xcosz \sinz \ f 4>i 
ip2 J \ Xsinz —Xcosz J \ ip2 



(33a) 



AT 



4A 

4A 



A 2 - AM A^y + ^) - A(^- - VI,) -2A^i^ 2j 



+£ 

3=1 " 

Remark 2. The system (132]) is a new integrable deformation of sine- Gordon equation 
with the Lax pair given by (133]) . The system (132]) can be regarded as a new kind of 
sine- Gordon equation with self-consistent source which is different from the sine- Gordon 
equation with self-consistent source in [21]. 

4 Solutions to the IDSGE 

4.1 Multi-soliton solutions 

Introducing the dependent variable transformation 

f 

z = 2ikij, (34a) 

'••u >(y-f)> "7 • y)- ./ '••••••V (34b) 

the IDSGE (132]) can be transformed into the bilinear form 

i N 
D y DJ ■ f = - {f - p) -8zJ2 ^9i\ (35a) 

3=1 

D y9j ■ f = -X.gJ, j = 1, 2, • • • , N, (35b) 
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where / and gj are complex conjugates of / and gj, D is the well-known Hirota bilinear 
operator defined by 



D™D n J -g = (d y - d y ,) m (d s - d s ,Yf{y, s)g(y', s%, =yiS , =s . 
The Wronskian determinant is defined as [25] 

W = |^ (0) , • • ■ , ^ N ~^\ = |0, 1, • ■ • , JV - 1| = \N^l\. 



(36) 



* JV (y, S )fand = 0. 



where ^ (0) = * = {^i{y, s), # 2 (y, s), ■ 

Since the bilinear form ( 135]) is same as that in [24] except replacing ^ by g~j, we may 
find the solution of IDSGE (|32|) by directly using the formulae and notation in [24J. We 
have the following theorem 
Theorem 1. Let 

= ie fc _ (-l)V^, j = 1, 2, • • ■ , N, (37) 

wiiere ^ = — Xjy — + ocj(s), Xj are real number and we set Ai < A 2 < • • • < Xn, then 
the IDSGE ( f32|) has the Wronskian determinant solutions given by / f34]) with 



/=|iV-l|, 



(38a) 



9h 



-1 



\ 



/i-l 



^)II( A fc- A ?) II (^-AD|iV-2,r,| 
L, • • • , JV, 



(38b) 



where \N — 2, is complex conjugates of \N — 2, r^|. 

The Theorem 1 can be proved in the same way as in [24], we omit it. 

When take N = 1, (jMj) and ([58"]) give rise to one soliton solution for the IDSGE([32 



4 arctan e 2 ^ 1 = 2i In 



2£l 



1 + ie 2 ^ ' 



ii 



2vV 1 (s)e 3?1 



1 + e 4 «i ' r21 1 + e 4 «i 
In Figl, we plot the single-soliton solution of z\ and ipn. 



(39a) 
(39b) 






(a) (b) (c) 

Figure 1. (a),(b) Single soliton solutions Z\ when Ai = 0.5, a.\{s) — s, and Ai 
0.5, ai(s) — s 2 , respectively, (c) The eigenfunction ipn for Ai = 0.5, oti(s) = s. 



8 



Similarly, when take N = 2 in (1381) . we have 

/ = ( e « 1+ « 2 + e" (?1+6) )(A 2 - Ai) - *(e fl ~ 6 - e 6 ^ 1 )(Ai + A 2 ), (40a) 
9i = -\Ja'i(s)(\l-\l)(e^ + ze« 2 ), g 2 = ^/a' 2 (s)(Xj - A?)(e^ - ie&). (40b) 

031]) and f|40|) give to the two soliton solutions for the IDSGE fl32l . Fig 2. describes the 
shapes and interactions of two soliton solution for z 2 and tpn. Also Fig 2. shows the 
interactions are elastic collisions and the influence on two soliton solution for z 2 and ipu 
for taking different aj(s). 




(c) (d) 
Figure 2.(a),(b) The shapes and interactions for the two soliton solutions Z2 when Ai = 
—0.1, A2 = 1, ai(s) = s, 02(5) = s and Ai = —0.1, A2 = 1, a±(s) = sin2s, a>2(s) = coss, 
respectively. (c),(d) The shapes and interactions for ipn when Ai = —0.1, A2 = 0.2, cti(s) — 
2s, 012(3) = s, and Ai = —0.1, A2 = 0.2, a±(s) = 4s, 0:2(5) = coss, respectively. 

Notice that solutions (!38|) contains arbitrary s functions <x,(s). This implies that the 
insertion of non-homogeneous terms into the soliton equation may cause the variation of 
the speed and shape of soliton. So the dynamics of solutions of IDSGE( l32l turns out to 
be much richer than that of solutions of sine-Gordon equation. 

4.2 Negaton solutions and positon solutions 

For N = 2, taking oi(s) = ci, 0:2(5) = (\ 2 — Ai)e(s) + c\ — |«7r, then ( l37l) leads to 

\p 1 = e -& +ze fl , ^ 2 = -z(e~ ?2 +ie 6 ), (41) 
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where £1 = —X\y — j^- + ci, £ 2 = -A 2 y — jfj + (A 2 — Ai)e(s) + ci — -m, ci is a constant 
and e(s) is a function for s. We have 



/ 



*1 






^2 


*2V 





*1 *ly 

9£i I a 2 ^ 2 1 

9A 2 l A 2=Ai aA 2 % l A 2=Ai 



(A 2 -Ai) + o(A 2 -Ai) 



_( e 2d + e -26 + 4 ,a i7 )(A 2 - A x ) + o(A 2 - A x ), 



<7i = 0, 

^2 = v /(A 2 -A 1 )e'( S )(A2-A?) 



(42a) 
(42b) 





^ 2 1 



(X 2 -Xi)V^W^T\i)(e-^-ie^), (42c) 



where 7 = y 
A 2 Ai 



4A* 



e(s). Then we obtain the one negaton solution from ( )34|) by taking 



z = 2iln 

^22 



cfc2fi - 2iAi7 
c/i2^ + 2iAi7' 
2 v /2A 1 e'(s)(-4A 1 7e-« 1 + e"* 1 + e 3 ^; 

(e 2 €i + e- 2 «i) 2 + 16A? 7 2 
2 V / 2Aie / (s)(4Ai7e« 1 + e €l + e" 3 ^) 



( e 26 + e -2«i)2 + 16A 2 7 2 



(43a) 
(43b) 
(43c) 




-30 -20 -10 




-50 -40 -30 -20 -10 



(a) (b) 
Figure 3. The shapes for one negaton solution z and ^12 when Ai = 0.1, e(s) = 2s, s = 0.5. 

The shapes are given in Fig.3. In general, as proposed in [26], the N negaton solution 
can be obtained from fl34|) . f l36]) and fl38|) by replacing iV by 2iV, taking 



wm / T ^2, T 



A4=A3 



<9* 



27V 



22V-lj 



5A 



2iV 



U2Ar=^2JV 



^2fc-i — — X 2 k-iy 



4A 



+ C2A.--1, 



2A.--1 



S 1 

6fc = -A2fc2/ - tt h (A 2 fe - A 2 fe-i)e 2 fc(s) + c 2fc _i - -nr, 

4A 2 fe z 



(44a) 
(44b) 

(44c) 



and taking A 2fc -> A 2fc _i. 
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In order to derive the positon solution as pointed out in [23], we have to take 

Ai = ifXi, A 2 = i/i2, c\ = —%c\. 
By similarly calculation, we obtain the following one positon solution 

cos2r?i + 2/xi7 



2i In 



cos2r/i — 2/ii7' 



4>12 
^22 



2(cos 2 2?7i - 4 / uf7 2 ) 
v /2i/i 1 e / (s)(4^ 1 7e- i '' 1 + e"^ 1 + e 3iT?1 ) 



2(cos 2 2r/i - 4/zf7 2 ) 



(45) 

(46a) 
(46b) 
(46c) 



e » , »7i = fry 



■7 s - + ci. Just as the positon solutions of the sine- 



where 7 = y + ^ 

Gordon equation are complex [23] , one positon solution ( l4"6"j) is also complex and reduces 
to the positon solution of sine-Gordon equation by taking e(s) to be a constant. 







(a) (b) (c) 

Figure 4. The shapes for the modulus of one positon solution z, the real part and imaginary 
part of ipi2 when Ai = 0.1, e(s) = s 2 , s = 1, respectively. 

Fig.4 describes the shapes for the modulus of one positon solution. Similarly, we can find 
iV positon solutions by using f )44|) and Xj = ifj,j, = —ic~k and fi 2 k H2k-i- 



5 Solutions for the IDSPE 
5.1 N-loop soliton solutions 



Proposition 1. Suppose that z and if)^, (i = 1, 2, j = 1, 2, • • • , N) are solutions of the 
IDSGE ( |32|) . then the solutions of the IDSPE ( fl5)) with a parametric representation of 
(y,s) are given by 

N 

u = z s - 2^^+^), (47a) 

(pij(x,t) = il> v (y,s), ip 2 j(x,t) =il>2j(y,s), j = 1,2,--- ,N, (47b) 
2(2/, s) = / coazdy = y- 2(ln//| oyW=QS ),| aj=aj ( a ), (47c) 
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where ctj are arbitrary constants. 

Proof. It is obviously that (I47aj) is given by ( 13 ip . In the following, we prove (j47cj) . From 
the reciprocal transformation, we have the following linear PDEs for x 



dx 1 dx 
dy r ' ds 



1 N 



(4* 



i=i 



By making use of the compatibility of the above two equations, we have 

1 



x(y, s) = J -dy = \ coszdy. 
From ( 134]) and ( ]35]) : a direct calculation gives 

l-2(ln/a s + 8z^A,(E-^). 



(49) 



A' 



cosz 



z,2 



(50) 



When / and <^ are given by ( |3"7|) and (|38|) . the terms with o/(s) in 2(\nff) ys and the 
terms 8z ^- =1 \ ~ jz) are canceled. So the above equation becomes 



cosz = 1 - 2(ln//| a . 



(s)=aj Js/s |a,-=cy(s) j 



(51) 



namely, for calculating the derivatives with respect to s, we regard aj(s) as independent 
of s. Substituting this equation in (l4"9"|) leads to (j47cj) . 

For example, when take iV = 1, by making use of (|39~1) and (j47|) . we obtain the one 
loop soliton solution for the IDSPE (fl~5]) 



2e 2 ^ 



AUl + e 4 ^)' 



2y^)e 3 ^ 
(l + e 4 €0 



2yg(ge^ 
(l + e 4 «0 



z(2/,s) = y + 



Ai(l + e^; 



(52a) 

(52b) 
(52c) 



s=-0 . 5 u i 




(a) 



(b) 



-10 -7.5 - 



s = u i 
c2 . 5 /' — 2 ! 5 5~ 




(c) 
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(d) (e) (f) 

Figure 5. The shapes and motions for the one loop soliton solutions u\ and ipn when 
Ai = —0.5, a>i(s) = s. 

Fig. 5. shows that the one loop soliton solutions move to the left and keep the shapes. 
When take JV = 2 in (J3HD, © and flS} give to the two loop solution of the IDSPE (jTSJ 



u 2 



V?21 



V?22 



2(Af - Aj)[Ai(l + e^)e^(l - 12A 2 a 2 (s)) - A 2 (l + e^)e^(l - UX^js))] 
AiA 2 [(l + e 4 «i)(l + e 4 « 2 )(A 2 + A 2 ) - 2AiA 2 (l - - e 4 « 2 + 4e 2 «i+^) + e 4 (^))] ' 

(53a) 

V(A 2 - Xj)a[(s)[(l - e 4 ^ 2 + 2e 2 ^ 2 )A! - (1 + e 4 ^)Ai]e^ 
= (1 + e 4 «0(l + e^)[X\ + A 2 ) - 2A 1 A 2 (1 - - e 4 ? 2 + 4e 2 «i+^) + e 4 (5i+6)) ' 

(53b) 



4 V /(A 2 -A 2 )a' 1 (s)[(e 2 « 2 - e 2 ^ + e 2 ^ +4 ^)X l - e 2 ^(l + e 4 « 2 )A 2 ]e^ 



(1 + e 4 «0(l + e 4 ? 2 )(A 2 + Ai) - 2AiA 2 (l - - e 4 ? 2 + Ae 2 ^+^ + e 4 «i+6)) ' 

4y/(A 2 - A 2 K(s)[(2e 2 ^ - e 2 ^ + e 4 € 1+2 ^)A 2 - e 2 ^(l + e^jAjeg 
(1 + e 4 «0(l + e 4 « 2 )(A 2 + A 2 ) - 2A7a7(1 - - e 4 ? 2 + 4e 2 «i+^) + e 4 ^+^)) ' 

4 > /(A| - A 2 K(g)[(l - e 4 ^ 1 + 2e 2 ^ 1+ ^))A 2 - (1 + e 4 ^)Ai]e^ 2 
(1 + e 4 ^)(l + e 4 « 2 )(A 2 + A 2 ) - 2A 1 A 2 (1 - - e 4 ? 2 + Ae 2 ^+&) + e 4 «i+^)) ' 



(53c) 



(53d) 



(53e) 



Similarly, by making use of ( )37|) . (!38|) and (|47|) . we can obtain the N-loop soliton 
solution for the IDSPE ( TT5"]) . Fig. 6. describes the shapes and interactions of the two 
loop soliton solutions and the interactions of two loop soliton solution for m 2 and ipu are 
shown to be elastic collisions. 
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Figure 6. The shapes and interactions for the two loop soliton solutions ui and ipu when 
Ai = —1, A2 = 0.5, ai(s) = 2s, a2(s) = s. 

5.2 Negaton solutions and positon solutions 

By making use of (|34"|) . (j4"3l) and f|4T|) . the one negaton solution for the IDSPE (Tl~5]) is 
given 



-2e gl [(s - AX 2 {y - e(s)))(e 4gl - 1) + 2A 1 (l + 8A 2 e'(s))(e 4gl + 1)] 
[s 2 + 16A 4 (y - e(s)) 2 + 2X1(1 - 4ys) - 8X 2 se{s)]e^ + A 2 (e 8 «i + 1) : 
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Figure 7. The shapes for the one negaton solutions when Ai = 1, e(s) = s 3 , s = —0.2. 

The shapes of the one negaton solutions are given in Fig. 7. In the same way, by making 
use of (1541 . (11511 and (HZJ), the one positon solution for the IDSPE (Tl5j) is given 
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4i[(s + 4/i 2 (y - e(s))) sin 2771 - 2/^(1 - 8/i 2 e'(s)) cos 2^] 
s 2 + 16/4(?/ + e(s)) 2 - 2// 2 (l - Asy + cos477! - Ase(s)) ' 
_ v /2i/iie'(s)(-4z/i 1 7e i ' 71 + e ivi + e~ 3ir]1 ) 
~ 2(cos 2 2?7i -4// 2 7 2 ) ' 

V^ie' (s) (4^x76"^ + e" i,?1 + e 3 ^ 1 ) 
2(cos 2 2?7i - 4//f7 2 ) 

4[s + 4/i 2 (y — e(s)) — SU1477!] 
y ~ s 2 + 16fif(y - e(s)) 2 - 2/x 2 (l - As(y - e(s)) + cosA^) ' 
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Figure 8. The shapes for |u| 2 , the real part and imaginary part of (^12 with Ai = 0.1, e(s) = 
2s, s — 2, respectively. 

The shapes for the one positon solutions are given in Fig. 8. By using the N-negaton 
solutions and N-positon solutions of IDSGE and the inverse reciprocal transformation 
fj47|) . we can find the N-negaton solutions and N-positon solutions for IDSPE. In the 
reduced case we can find the new N-negaton solutions and N-positon solutions for short 
pulse equation by taking all ej(s) to be constants. 



6 Conclusion 

We first derive the integrable deformed short pulse hierarchy and their zero curvature 
representation. Then we concentrate on the solution of integrable deformed short pulse 
equation (IDSPE). By proposing a generalized reciprocal transformation, we find a new 
integrable deformed sine-Gordon equation (IDSGE) and its zero curvature representation. 
The bilinear equation and the Wronskian determinant solutions for the IDSGE are given. 
Furthermore, based on the inverse reciprocal transformation and the solutions of the 
IDSGE, the N-loop soliton solutions, N-negaton and N-positon solutions of the IDSPH 
are worked out. In the reduced case the new N-negaton solutions and new N-positon 
solutions for short pulse equation are obtained. 
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